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The collecting semantics is used to define a collection of all the states
(defined by operational semantics) of the program at a given point.

Qigtt ptrfliEsliR ST A S ERASTIH LRIESE X I

»Collecting program state for AST nodes without considering
execution orders

»Collected states are considered to be valid at all program points
rather than at specific program points

»Relatively efficient in both time and memory, but less precise

QEER ST BIERECFG_ ERINSRIEN S

»Computes universal properties about the program state at
specific program points

»flow sensitive, i.e., considering execution orders




Review: EH#lifiEl (Control Flow Graph)

QiEHIRE: RREVNITIRFRIE

»Nodes: statements 1:ifx =’0 goto 4
»Edges: (s1, s2) is an edge iff s1 and s2 can be 2.y = 0
executed consecutively aka “control flow”" 5 t’6 ?
. : goto
dProperties: 1: ifz=0goto4
22 g=10
»Only one entry node 3. goto6 J O P
»0Only one exit (terminal) node 4: y:=1 - 91
D : = 1| L X =
»Weakly connected 6 - j:: o 9 CEG
o MFRMNIEFRAICIBEFE TR 2 6:z=y
=itfitEs

(JProgram Points: e



Revisit Zero Analysis

dVariable value in concrete analysis could be infinite

. Read x
.Yy =2 * X

. Z =20 /\

. if y > 0 goto 6 x +— {—00, -+, =2,—-1,0,1,2, -+ 4 0}
\ /

. Z =2 *X -y

OOk, WN=-

dAbstraction:
>Ihgda, (abstract domain) L ={1,Z,N, T} forms a lattice
»a:7Z — L: maps value in concrete domain into abstract domain
oa(0)=%Z; a(n) =Nifn+#0
»Abstract state g: Var - L

>flow function: f,: 0 x Inst - o’
o transform the input state of an instruction to the output state
o modeling the abstract operational semantics



Zero Analysis: Flow Insensitively

dFlow functions: Inst = x =n|xi=y|x=yopz|goton]|ifxop Ogoton
. fzlx=01(c) = ofx > Z U o(x)] fzlz:==yopz](o) =olz—T]
E f7lx =n](o) = o[x » N U c(x)] wheren =0 fz[goto n] (o) =0 i
- f2lx = y1(0) = alx » o(y) L o (x))] it leooalc =a

dExample: Straightline Code
»For flow-insensitive analysis, we only have one global state
1: z:=0 |

L yi=1 / N\ /‘\ /" N\

2
Useless results!
: = N Z N z N z —> .
3: Fi=9 .
4: yi=z4z AN //' \\/ \ / Could be more precise?
9 0= Yy — 2 x y‘ i



Zero Analysis: Flow Sensitively

DFIOW functions I: Inst ::= x:=n|x=y|x=yopz|goton|ifx op,. 0 goton
[z — Z] fzlz :=yopz](o) =olz—T] i
r:=n [CL"—)N] wheren#() fngtO’n]](O') — 0 :
= olz— o(y)] fzlifz = 0goton](o) =0
______________________________________________________ P i--__--__--__--__--__--l
dExample: Straightline Code tx 20 _
x z < DFA 2:y =1 cro 1: z:=0
P1 1 1 | ‘ P3 2: y:=
P2 Z 1 3:z=y <_| 3: z:=y
o3 Z L - differ at different | P4 4: y:=z+z
rogram points _
i z N . Eno?e prefise! dy=z+X Al
P5 Z N « could be more precise? —— P>
P6 T N OX=y—z

P6



Zero Analysis: Flow Sensitively

fzlz =y —yl(o) =olz— Z]
dFlow functions II: falz =y +2(0) =olzoly)] whereolz)=Z

' fz[z := 0](o) = o[z — Z] fzlz :=yopz](o) =olz—T] i
' fzlz :=n](0) =olz— N] wheren 20 ¢ [20to n] (o) -c
i fz|z = y](o) = oz — o(y)] fz[if x = 0 goto n] (o) = {r i
o R RREDEEEELTEEEEEEEE !
QExample: Straightline Code tx 20 _
x|y | oz ¢ DFA 21y =1 1: z:=0
P1 1 1 1 | ‘ 3 ,CFG 2: y¢y:=
P2 Z 1 L 3:z=y C,_I 3: 2:=y9
o3 . T N - differ at differsnt | P4 4: y:=z2+=x
P5 Z N N « could be more precise? —— i
P6 T N N S:X=y—z

P6



Zero Analysis: Flow Sensitively

fz[z =y —y](o) =o[z— Z]

dFlow functions lll: fzlz =y +2](0c) =ofz— o(y)] whereo(z) =2
PP ﬁ_ specialize for precision -
' fzlz := 0](0) = o[z — Z] fzlz:=yopz](o) =olz—T] i
i fzlz .= n](o) = o[z — N] wheren # 0 fzlgoto n] (o) - i
i fz[z :=y](o) = olz — o(y)] fz[if z = 0 goto n] () Y i
'"""""""""""""""""""""""""""ﬂ's'p'e'c'ia'u'zé'far'FSFe?;Ts'iar?'""

fz[if z = 0 goto n]r(0) = o[z — Z]
fz[ifz =0goton]|r(c) = o[x— N]

dOne can design other specialisations for precision
»Exercise: flow function for a conditional branch testing whether x < 0



Zero Analysis: Flow Sensitively

S O s W N =

X y z
. P 1 1 1
dExample: Branching Code R
/,——“"""';1 """""""" > p3 N Z 1
'/ . T F P4 N Z 1
\ 1: ifx = 0 goto 4 P5
———————— i P2 P6
if z = 0 goto 4 2:y=0 i
— I P3 P8
Yy .t 6 3: goto 6 T States at P4 and P7 meet before line 6
goto ) / \ U (0ps,0p7) = {x> N,y T,z 1}
i o . : P4 +y p5 /) N Z x Y d
. 4: y = 1 " \ / P1 1 1 1
«— I
. I 1 "
5:X =1 S i
v P7 Ce-o___ P4
6:7 = y T T P5 Z 1 1
PS P6 Z N 1
p7 N N 1
P8 N T T




Zero Analysis: Flow Sensitively

Reach a fixed point!

dExample: Looping Code |
PO
% = 10 Init 15t Time | 2" Time | 3" Time
P1 x|y | x|y |[x]|y]|x]|y
2: y:=0 Eg Mestpoint ipg | ) | I | N | L[N | L|N]| L
J: ifz=0goto7 3:ifx=0goto7 1— P2 | L | L | N|Z | N|Z|N)Z]
4: y:=1 FI P4 (P3| L | LN |Z|T|T|T|T
d3: T=x—1 4:y :=1 pa|l 1l L INlZ]I Tl Tl T T
P5
6 : g0t03 P7 J P5 | L | L | N N| T]|N| T|N
7 - T =y X i=Xx—1 pg|P6 | L | L | T | N|[T|N|T]|N
pp— PG Pl L | L | T|N|T|N|T|N
: goto 3
8 ps | L | L|z|zl|z|T|z]|T
POl L | L | zZ|z|T|T|T]|T
7:X 1=y [¢




Zero Analysis: Flow Sensitively
dExample: Looping Code

N O Ot s W N =

o = 10
y:=0

if x =
Y= 1
z:=x—1
goto 3

T =1y

P7

PO

1: x := 10
P1

2:y:=0
P2
v P3
3:ifx = 0 goto 7
F] P4

4:y :=1
P5
X:=Xx—1
Y P6

6: goto 3
7:X 1=y

P8

PO: attl =g
PO - P1: oi*! = f[x = 10] (o)
P1 - P2: oit! = £,[y :== 0](a?)
P3: gi*! =1 {a}, o}
P3 - P4:gi*! = f,[ifx = 0 goto 7]z(0o?)
P4 > P5:0itt = f[y == 1](ok)
P5 - P6: o/t = f,[[x = x + 1](a?)
P6 - P7: a4+t = f,[goto 3](a)
P3 - P8: ¢! = £, [ifx = 0 goto 7], (at)
P8 - P9: 0i*t = f,[x =yl (ai)

i+1

(0"t 01", 00™h) = £,(05, 01+, 07)



Zero Analysis: Flow Sensitively

DExample: LOoping COde Init 15t Time | 2" Time | 3" Time

>Let 3! = (05, 01,-,07), then X |y [ x | v | X |y

it i+l i1 o ; PO | L | L | L | & | L] L] o]

(0™, 017, 0n™") = fZ(UO’Ul.’""Un) PI| L | L|N|L|[N|L|N]|L

is equivalent to xit! = £ (=} T T T T
»Let 30 = (L, L1, 1), we compute e [T TN T T T,
U= £(20) 2= f(2h) | A |

PS5 | L | L |N|N|T|N|T]|N

3 — 2 2 _ v3

2 f2 (%) LY=L 6| L | L|T|N|T|N|T|N

»We stop when finding afixedpoint: {p7 | L [ L | T|N|T|{N|T|N

Correctness theorem: P8 | L | L | Z|Z|Z|T|Z|T

If data-flow analysis is well designed, then PO L | L] Z | Z ] T | T |T]T

. . g \ I I\ l
any fixed point of the analysis is sound. A f Y
20 xt= £ 22 =£CY 28 = £(22)

—
m—




R Rt (Data Flow Analysis)

dMonotone framework (By John B. Kam, Jeffrey D. Ullman, 1977 ) i i
»A CFG to be analyzed 20204

, , , R E
o each node v; representing an instruction inst;
o Each edge ¢, related to two nodes, representing a program point P
o In case a node v; has multiple incoming edges, we introduce an additional
program point P;’ for ease of meet operation
»An abstraction function a
o maping concrete domain values to abstract domain values
o abstract domain forms a finite-height complete lattice L
> A variable g; associated with each program point P;
o Value of gy, [0;] € L
>A monotone function f € L™ - L™
o 0; = fi(0y,0%,++,00); (01,0%,++,0y) = f(01,0,**, 0p)
»And initial value for each variable g;, usually the L




R Rt (Data Flow Analysis)

dMonotone framework

»Compute the data flow analysis via the fixed-point algorithm
o L is a complete lattice with finite height, so is the product lattice L"
o Flow function f;: o¢; = f;(04,0,,:*+,0,) iIs monotone, so is f, where;
f(o-lr“'JO-n) = (0-11“"0-11) = (fl(o-lr"';O-n);fz(a-lr"';O-n);"';f3(0-1;"';0-n))
o Successive applications of f results in an ascending chain until
reaching a fixed-point

»This solution gives an answer from L for each program point
o A solution is always a fixed point of f: L" - L"
o The obtained solution is the least fixed point of f: L™ —» L"
o There is a unique least fixed point, which is the most precise



The Naive Algorithm

x=(L,L, ., L

do { safe answers

the trivial, useless answer
our answer

(the least fixed-point)

t=x
x = f(x);

} while (x#t);

fo(L, 1, ..., 1) fiL, L, .., 1) (L, L, ..., 1) unsafe answers
1 TN fi(L, L, ..., 1) the true answer
—
7 J‘I ) J_/)> 5

N9
N
|_
~— —
/ q,\
—

n y fo(Ll, L, o )| Conservative approximation...

dComputing each new entry using the previous column

» Without using the entries that have already been computed in the current column!

: : |
» And many entries are likely unchanged from one column to the next! Less efficient!



Chaotic iteration

dCompute f (04, ...,0,) = (f1(04,...,0,), ..., [, (04, ...,0))

o.=1,; .0, =1;

while ((g4, ...,0,) * f(oq,...,07)) {

> How to pick effectively?

»Require a higher number of iterations but less work in each iteration
»In the i*" iteration, we have ¢; ™' & g; for each j € [1,7]

»Chaotic iteration eventually terminates at the least fixed point by
Kleene's theorem



Kildall's Algorithm

dThe policy of order to process worklist

»Random?
>»Queue?

> Stack?

>All are valid!

»Some are better in practice:
o Topological sorts are nice
o Explore loops inside out
o Reverse postorder!

worklist = @

foreach program point P; in CFG:
lo;] = L

lo,] = initialDataflowInformation

add o, to worklist

while worklist #@:
take one g; off the worklist
tmp = [o]
loi] = fi(o1, 02, -, 00)
if tmp = [o]:
foreach program point P; € succ(P)in CFG:
add o; to worklist if it is not in it




Exercise:

P7

Apply Kildall's Algorithm

PO
1: X = 10
! P1
2:y =0
P2
| P3
3:ifx = 0 goto 7
Fl P4
4:y =1
P5
5:X =X —1
A4 P6
6: goto 3
7-X =Y A

P8

Suppose the worklist is a stack:

oo ={x+—Llyml}
g ={x—N,y—l1l}
o, ={x > N,y 7}
o3 ={x—> N,ym— 7}
o, ={x> N,y 7}
os ={x— N,y N}
0 ={x> T,y N}
o, ={x> T,y N}
o3 ={x>T,y> T}
o, ={x> T,y T}
os ={x—> T,y N}
o ={x—> T,y N}
o, ={xw~> T,y N}
o3={x—> T,y T}
og={x>Z,y~»T}
gy ={x—> T,y T}

The number of flow
function computations
is significantly reduced.



Termination of Kildall’'s Algorithm

dTerminates at the least fixed point by Kleene's theorem
dAssume the desianed flow functions are monotonic

Monotonicity

Q22 1 THIERR:
> f;(01,0,+,0,) E [o;] foralli
>if fi(oy,0,,+,0,) # [oy], P;EY

[42 R R G H I A worklistF

]

>Rz Kildall E;EARgELR UL,
NARMrE2BRE MEFRP;,

f}(al; 0-2) "ty O-n) C [[O-]]:Il Ijl\!JLn1:@
FkAdproduct latticeBE IR,

S5RiZLAIEREESFE

A function f is monotonic iff o1 = o9 implies f(o1) E f(02)

worklist = @
foreach program point P; in CFG:

[[0'0]]

[o;] = 1
= initialDataflowInformation

add o, to worklist

while worklist #0:

take one g;off the worklist

tmp =
[o;] = fi(01, 02, 0,)
if tmp # (g :

foreach program point P; € succ(P;)in CFG:

add o, to worklist if it is not in it




Complexity of Kildall's Algorithm

dLet h be the lattice height of L

H[e
QcC

O(n x h) «—

FG has n program points, ¢ edges
omplexity: O(e = h)

worklist = @

foreach program point P; in CFG:
[o;] 1

ool initialDataflowInformation

add o, to worklist

— 0(n)

while worklist # @:
take one g;off the worklist

if tmp # [o]:
foreach program point P; € succ(P;)in CFG:—

RIS ERn «h
FTUEERERITRZ TN « hik
X EEPwhilefE K5, FIEE 17
HIBFHO(e x HNTIEF =
WMREZE NN 0(max(e,n) * h)
" e x histypically largerthann *
h,ase = n holds for CFGs.

—> O(e * h) in total (across the while loop)

add o; to worklist if it is not in it




Program Trace

dConfiguration ¢ = (E, P;):
»>E Is the environment: Var + Int; and P; is the program point
dProgram Trace

Atrace T of a program P is a potentially infinite sequence {c,, c;, :-- }of program configurations,
where ¢, = (E,, P;) is called the initial configuration, and foreveryi > 0wehave P + ¢; "~ ¢;,.

Leave as an exercise
dExample /
Write two program traces starting fromcy, = (x - 0,y > LLP))and cy = (x > 1,y 5 0,P)
P1
if x=0goto 4
if x = 0 goto 4 P2 _—F T~_P6
. y =0 y =1 co=(x =0,y > LP) , (x =0,y > 1,Py),
goto P3 | (x >0,y > 1LP),{(x >1y—>1PF)
y =1 goto 5
X .=y - X P5




Precision

dOptimal Precision (OPT):
»I'(j) ={c | c=(Ej)Ac€ Traces(P)} collects all possible concrete
configurations observed at program point j

»Optimal precision: (o, | n € P), where g; =L cr(;) a(c)
dMerge Over Paths (MOP):
»MOP(i) = U{o | {(o,i) € Some Il for P}, where i is a program point

>I1 = (0, n1), (02, 1m3), -+ IS @ sequence, where program point n;
forms a path T = ny,n,,--- in CFG and o; = f[n;_; - n;[(0;_1)

dLeast Fixed Point (LFP):
>F(Z) =25, VI (F(E) =) = (T *C 3)
Relative precision:
OPTEMOPCLFPCEFPC T



Soundness

The result {(o; | P, € P) of a program analysis running on program P is sound iff,
for all traces T = {cy,cy,---} of P, for all i such that 0 <i < length(T), a(c;) E o;.

dLocal Soundness:

A flow function f is locally sound iff P + ¢; = (E;, P;) ~ (E;;+1,P;+1) and
a(c;) E o;and f[P; = Piyq] (0;) = 0y41 implies a(ciy1) E 0441

Global Soundness

Theorem 2 (A fixed point of a locally sound analysis is globally sound). If a dataflow analysis’s
flow function f is monotonic and locally sound, and for all traces T we have a(cy) E oo where oy is the
initial analysis information, then any fixed point {oy, | n € P} of the analysis is sound.

Proof. To show that the analysis is sound, we must prove that for all program traces, every
program configuration in that trace is correctly approximated by the analysis results. We
consider an arbitrary program trace 1" and do the proof by induction on the program configu-
rations {¢;} in the trace.



How to design a data flow analysis

dDesign the abstraction a:
»concrete domain, abstract domain and the lattice

dDesign the flow functions F = (f4, f2, -, fn)

»Make sure each f; is monotonic
»Make sure the local soundness of each f;

dDesign the meet operation L

dApply the monotone framework to compute the
solution, which should be the least fixed point



Classic Data Flow Analysis

dWe use Zero Analysis as a motivating example of DFA

dThere are several classic DFA applications:
»Integer Sign Analysis
»Constant Propagation
»Reaching Definitions
»Live Variables Analysis
»Available Expressions
»>Very Busy Expressions

dWe discuss “Very Busy Expressions” here, leaving
others for optional assignments



Very Busy Expressions

d A (nontrivial) expression is very busy if it will definitely
be evaluated before its value changes
»The expression a*b in the following example is very busy
»The answer “very busy”must hold at a given program point

dVery Busy Expressions are used in the /oop hoisting
pass during compiler optimization

read Xx; read Xx;

a=x-1; a =X -1;

b =x-1; S b =x-1;

while _(_X__>__9,) { Loop Hoisting t=a*b:
t=ja*b; > while (x > @) {
print t + X print t +
X =X -1 X = X - 1

Y . '

printia * b; print t;




A lattice for Very Busy Expressions

A reverse powerset lattice of nontrivial expressions

»L=(Px—-1,x>0,a*xbt+x),2)
»Nontrivial expressions are the values in the abstract domain by «a

read Xx;

t = a

print

X = X
'

print a

a=x-1;
b =x-1;
while (x > 0) {

*
t

*

X,

-+ O

(on

@

e N

x-13 x> 0} {a*Db} {t+x}

P — A&

x-1,x>0} {x—Laxb} {x—1t+x} {x>0,a*xb} {x>0,t+x} {a*bt+x}

N—————— e

{x—1,x>0, {x—1,x>0, {x -1, {x >0,
t + x} a * b} axb,t+x} axb,t+x}

{x—1,x>0,a*b,t+x}



Very Busy Expressions

dA backward data flow analysis
» At the CFG entry, we know nothing about very busy expressions
> At the CFG exit, we assume all expressions appear are very busy

dMeet operator L: P

»An expression is very busy at P;if it is very busy at all P;’s /]
SUCCessors \

>0 :Uijsucc(pi) (O}) :nijSucc(pi) (O-])
DFIOW funCtionS: Inst := x:=n|x=y|x:=yopz|goton|ifxop, 0goton |readx; | print x;
»>S | x: retain expressions without the variable x from the set §

filx =nl(c) =0l x filx =yopzl(o) =(cuU{yopz}) | x
filx =yl(o) =0 lx fillif x op,- 0 goto n] (6) = o U {x op, 0}
filgoton](o) =0 filreadx](6) =0l x filprintx](6) = o

Pv Pz Py




Very Busy Expressions

read x
\LP2 P10 {x+3,x—1,x>0,axb,t+x}
a=x+3
P3 P9 {x+3,x—1,x>0,axb,t+x}
read x; b=x-1 P8 {x+3,x—1,x>0,a*xb,t+ x}
T ::’; \l,P4 P7 {a * b}
> ifx>0 . P6 {a * b,t+ x}
=3
: \LP6 {a * b}
} print t + x P9 P4 {a * Db}
print a * b; P8 1 P7 P3 {x —1}
X=X-1 P2 {x—1,x+ 3}
P1 1)
printa*b [€

P10



Classifying data flow analyses

dA forward analysis

»Computes information about the past behavior
»Start from CFG's entry

dA backward analysis

»Computes information about the future behavior
> Start from CFG' exit

dA may analysis:
»Describes information that is possibly true; an over-approximation

A must analysis:
»Describes information that is definitely true; An under-approximation

OdExample:
»Zero Analysis: a forward, may analysis
»Very Busy Expressions: a backward, must analysis



(Optional){EJdk: Classifying DFA

QEREXEN, AUNTEIERSITNRAS R

»Integer Sign Analysis
»Constant Propagation
»Reaching Definitions
> Live Variables Analysis

»Available Expressions

Q#biE1 - 2PN ASHEMRIIIRRITE, MBIk Meeti#E

Forward

Backward

Zero analysis

Very Busy Expressions

May

Must



Extensions

dinter-procedural data flow analysis
»Working on inter-procedural control flow graph

»Eliminate infeasible paths by using context sensitivity
o Call-strings, and many others
o Expensive to compute, poor scalability

dPath-sensitive data flow analysis
»Configuration is further extended with path conditions

»o = (E, P;,C), where E: Var - Abstract Values, P; IS a program point,
and C is the path condition under which P; could be reachable

Flow insensitive analysis: 0 = E Flow sensitive analysis: o = (E, P;)

Path sensitive analysis: 0 = (E, P;,C)  Context sensitive analysis : E: Var X Ctxt — Abstract Values



DFA Application: Interval analysis

dCompute upper and lower bounds for integers

dPossible applications: e
»array bounds checking,
[-2,2]

»Iinteger representation, ... ) /\ -
dinterval Lattice: / a1 e \
[oo1] PN (1,

[-2,0] [-1,1] [0,2]

. . -00 -2 \\\\\ ,'II ,00
»Ordered by inclusion: ™7 NN G N

[lll Tl] - [12,7‘2] lff lz S ll A T'l S 7"2 ‘\‘\ [_2'_1] [_1'0] [011] [1;2]

Qdinterval Analysis Lattice: N NN T

. [2-21 1,1 00 (1,1 [22]
»Map lattice: Var — L
»Weuse lift(Var - L) 1 Theinterval lattice




DFA Application: Interval analysis

dMeet Operation L
»ul=Ul e.g., U{-20,-10],[-15,-9],[3,7],[4,18]} = {[-20,-9],[3,18]}

DFIOW FunCtiOI‘lS T: Inst ::= x:=n|x=y|x=yopz|goton]|ifx op,. 0 goton

——————————————————————————————————————————————————————————————————————————————

il = (@) = olx > [nn] Al =y op2l(0) = op(e() o) |
\ filx = yl(0) = o[x > o(¥)] Abstract Operator: op([l;, 711, [l 72]) = i
: . [minxe[hﬂl]ye[lz»?‘z]x opY, :
E filgotonl(o) = o filif op, 0 goton] (¢) = © MaXeeqs, o1 yefiri]X OD Y] i

dCompute the fixed-point : (o4,--,0,) = F(o4,-:-,0;,)
>0; = fil(64,,0,); compute f(L) fori = 0,1,
»Does the least fixed point exist ?
»The lattice L has /nfinite height: [0,0] = [0,1] £ [0,2] = [0,3] -+



Does the least fixed point exist?

dThe lattice L has infinite height:
»Kleene’s fixed-point theorem does not apply here

dTarski’s fixed-point theorem:

Let (L,C) be a complete lattice and f:L —» L be monotone
iIncreasing. Then the set of all fixed points of f is a complete
lattice with respect to = (Tarski 1995).

»Corollary: f has a unique greatest fixed point and a unique least
fixed point.

»Proof: https://pauldelatte.github.io/files/L3.pdf



https://pauldelatte.github.io/files/L3.pdf

Widening: solution to find the fixed point

dWidening could be very useful in interval analysis.
> I P4 SRATAS BRI RICESERE
dDefine a widening function w:L - L

>w 1S an extensive and monotone function (soisw © f),
»the sub-lattice w(L) has finite height

Q(w o (L) fori = 0,1,...converges
>Let £, = (wo *(L) where (w o )*(L) = (w o /(L)
>w o f becomes the new flow function f
Qlfp(f) = £, holds
>l.e., f, is a safe approximation of Ifp(f)
»follows from Tarski's fixed-point theorem




Simple Widening for Interval Analysis

dWidening function w: L - L:
»>Given a fixed finite set S: BIEBRHSE

o must contain —oo, 4o (to retain the T),
o typically seeded with all integer constants in the given program

»>ldea: find the nearest enclosing allowed interval

»w is defined pointwise on L = (Var — Interval)™
ocw(la,b]) =max{i €S |i <a},min{i €S | b < i}]

ow(l)=1
[1.,42]

w([1.,42])




Simple Widening for Interval Analysis

dExample

filx = nl(o) = olx = [n,n]] filx =y op zl (o) = 0p(a(y), 0(2))
Abstract Operator: op([l;, 1], [l5,73]) =
[minxe[ll,rl],ye[lz,rz]x op Yy,

' fillx = yl(0) = ofx = 03]

] filgoton]l(c) = o filif x op, 0 goton] (o) = o MaXye(, r,],y€llyr]X OP Y]
(1States at the while

1y = 0; AEBWideningEF: {EBWidening&F:
2X=7; S:{—OO,O,1,7IOO}
3% = x 4 1- [x - [8,8],y - [0,0]] R e pos NGl

1 . [X 9 [8)8]1 Y 9 [011]] » L !
g vhtte (Input) S (88l y > [0,2]] [x > [7,00 ], y > [0,1]]
6 x = x 4 1 [x > [8,8], y > [0,3]] [x > [7,2 1,y > [0,7]]
e w [x > [7,%0 1, y > [0, ]]
8 } AZEL! lrsik, (BAEEH




More powerful widening

dSimple widening happens at every interval and node

dNo need to widen intervals that are “stable”
»E.g., no need to widen if there are no “cycles” in the dataflow

dMore powerful widening V:L X L - L
»extensive in both arguments, i.e, x; S x; Vx, A x, Ex; Vx,

>for all increasing chains z, E z; E -+, the sequence y, =
Zo,***, Yi+1 = YiVZi4q, - CONVErges

dNew fixed-point solver by computing
>ty = (L, L), tiy1 = t;V f(¢;) until convergence

dTheorem: Ifp(f) E x;, for some k such that x;., = x;



More powerful widening: Example

5: {-OOI OI 11 7/ OO}

dinterval Analysis
»Given the fixed finite set S, define V: pointwise down to intervals

olVy =y, xV.1l= x, |ay,b]V]a,, b,] =]aDb]
oa=aifa; <a,elsemax{i €S |i <a,},and b = b, ifb, < bjelsemin{i € S | b, < i}

{x—->Ly->1}

1y =0;
{x->1,y-1[00]}
2 X =7;

{x-1[7,7],y = [0,0] }
3 X =x + 1;
{x—[7,0],y-1[00]}
4 while (input) {
{x—[7,00],y > [0,00] }
S X = 7;
{x—>[7,7],y = [0,00] }
6 X = x + 1;
{x—>[7,00],y > [0,00] }
7 y =y + 1;
{x—>[7,00],y > [0,00] }
8 }

Yz S EB R




Discuss why V should be extensive

AV:L X L - L is extensive

e,V x,xx Ex; Vxy, A x, Exq Vi,
dx, E x; Vx,:

»ensures the termination of fixed-point computation
dx; E xq Vxye

»The value in the next round could be smaller than the previous
round, potentially leading to an incessant oscillation (EHAZLLE)

»Example:

Z y =1
A {y otherwise y = f(y)

y=1
Z N ..|PO

N o(y)=7%2

1 otherwise Pt 1L N L -

flyl (o) = {



Further Improvement

5=1{0,0 1,7, o}

dWhy widening at every interval and node

dNo need to widen if already “stable”

»divergence can only appear in presence of
recursive dataflow constraint

»No need to widen if no “cycles” in the dataflow

»Sufficient to “break the cycles”, perform
widening only at, loop heads in the CFG

Widening only at loop head /

{x->Ly—-l}
1y =20;
{x—->1,y—-1[00]}
2 X = 7;
{x->1[7,7],y = [0,0] }
3 X =X+ 1;
{x—1[8,8],y —[0,0]}
4 while (input) {
V {x-[7,0]y-[0,0]}
9 X = 7;
{x—=1[7,7],y = [0,00] }
6 X =X + 1;
{x—-1[88],y = [0,0]}
/7y =y+1;
{x—-[88],y = [1,] }
8 }




Narrowing: improve the precision

dWidening generally shoots over the target
>Ifp(f) E £, = (weo ¥ (L)
A Narrowing may improve the result by applying f
> f(f,) E f, : so applying f again may improve the result!
o Ifp(f) = ffp(f)) E f(fo) E o(f(fu)) = (w e N(fo) = fu
>»And we also have Ifp(f) E f(f,) so it remains safe!
»This can be iterated arbitrarily many times

o Ifp(f) E f(fu) E f'™' (fu) implies ifp(f) E f* (fu) E f'(fu)

% f Is monotonic

olfp(H) E - E f (fu)) E - Ef(fu)) E fu

»may diverge, but safe to stop anytime
o Either prove divergence for a specific application
o Orjust apply f a fixed time

Narrowing AAMRUEWER, tBAIRUELZLE.



NarrOWing S= {001, 7, o5}

{x->Ly—-l} {x->Ly—-l}

1y =9; 1y =20;
{x—-1y-100]} {x—>L1,y-[00]}

2 X = 7; 2 X =7;
{x—-1[7,7,y - 10,0] } {x-[7,7,y—-10,0] }

3 X =X+ 1; 3 X =X+ 1;

{x - [7,0],y—-[00]} :l> {x—[8,8],y—>[00]}
4 while (input) { 4 while (input) {
(X0 [0y - [0,00]) (x5 188y 000 | 1he result becomes

5 X = 7; 5 X = 7; more precise!
{x~ 7,7,y ~ [0,%0]} {x~ 7,7,y ~ [0,%0]}

6 X =X + 1; 6 X =X + 1;
{x - [7,00],y > [0,00] } {x-[88]y~[0,]}

7 y=y+1; 7 y=y+1;
{x - [7,00],y > [1,0]} {x-[88ly~[1 ]}

8 } 8 }

Use widening Use narrowing



(Optional) IR : ABZURIRIITHESR

AZILLVMAEE R triESS Sl

»https://qgithub.com/llvm/llvm-project/
»mlir/include/mlir/Analysis/DataFlowFramework.h

> IRIRXITEZRSCII AV IR /R

QF ILLVM ARzt 3t R FRYSEIR

»mlir/include/mlir/Analysis/DataFlow

> LLVMAig it 7 — SR S Emm o TR ARRISE, BEF—15>, 7
KRIRFESI RS

AARLF1000%F, EESHEER, ATHEEIE
QRS ESEHENRE, BT AT



https://github.com/llvm/llvm-project/
https://github.com/llvm/llvm-project/
https://github.com/llvm/llvm-project/
https://github.com/llvm/llvm-project/
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