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igi& (Syntax)

dGrammar G: which programs are syntactically correct?
»Terminals £, Non-terminals N, Initial symbol s € N, Productions P
»Language L(G): All sentences derived from s

dExample:
Arithmetic Expression What is not part of the language?
X = {0,1,...,9,+, —*}
N = {Exp, Num, Op, Digit} A 12+2
S = Exp
Productions B 2+(12'4)
Exp — Num | Exp Op Exp C 11*4
Op = sl Ml I
Num - Digit | Digit Num D 12345 609
Digit > 0]1]..19




Concrete vs. Abstract Syntax

LSyntax Tree:
PETHRIZEIES NEANRAEBHNNRSR
(dConcrete Syntax
»The rules by which programs can be expressed as strings

If BINEEN If HEE LR
(" BoolExpr r ")! ‘7 ' Stmts 35 “ 'if’ BoolExpr Stmts
Stmt Stmts Stmt Stmts

dAbstract Syntax

»Concerns only statements, expressions, and their operands
»Don't care about parentheses, semicolons, keywords, etc.



Abstract Syntax of SIMP

ASIMP: simple imperative PL

S

e Pi=a b =

skip

S1; S2

if b then S else S>
while bdo S

true i = o opp == and |or
false | n opr = < | < |
not b | a1 OPq A2 | > | =

b1 opy b2 0pa = +|—|[=*]/
ai Opr G2

dMeta-variables frequently used for easy of notation

o statements

number literals

S 8 8

arithmetic expressions (AExp)
,y program variables (Vars)

boolean expressions (BExp)

HRERE, EESH—LZHI~ET




AR GESEZAST?

(1) x:=a
X a

(4) if b then S, else S,

If

"

b S,

(2) skip

(do nothing)

(5) while b do S

(3) 51;52

while

N

S, S,
S = Ti=da
skip
Sl; Sz
if b then S, else So

while bdo S




tRASTH]

Qfl1: 3SHExFNyRIE WL PRR g =1E S

while 1 >0 dof=Ff*1; 1=1-1

while

:_/;\ s

t=x; x=vy;y =1t



(opt-onal) frdl: FaptE—AST

Y = Xy
QL JoE1TE7z = X! z = 1;
QST %zéiﬁ’j B, S th Y2 Oy then
*EIE%I?;U AN B L Rt Z =z * vy;
UixE |Ol|:|/j EHJ)\EHULJ/_\EKL‘»KH@ Y = v - 1
AFETE2EE else
skip
g == T=a b = true g = T opp = and|or
skip false | n opy == = | £ | =
S1; S not b | a1 0Py a2 > | =
if b then S7 else S> b1 opy, b2 op, = +|—|=*]|/
while bdo S a1 Op, Qo




(optional)ImH: AST walking

dOne way to find “bugs” is to walk the AST

» Traverse the AST, look for nodes of a particular type
» Check the neighborhood of the node for particular patterns

Qg : “shifting by more than 31 bits”
>e.g. "x << -3" "z >> 35" WF32 (UEHEE, XU EARERIEINMIHEEIR,
E g EREEE (0, 32) BZERNAY

QiREE: ETIEERERE
» Python's "astor” package designed for Python ASTs. Clean API; highly specific.

»LLVM/Clang: EJvisitor pattern

o class Visitor has a visitX method for each type of AST node X
o Default Visitor code just descends the AST, visiting each node
o To do something interesting for AST element of type X, override visitX
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IE{FiEX (Operational Semantics)
QAT RN AT

» How would | execute this?

QAT ARERIFIBEN?
Q%4G): TERCKBRf)RMPNSHRMHTA?
int 1 = 5;

fi++, --1);

»Option 1 (left-to- n?ht)
>Opt|on 2 (right-to-left) :

»Both options are p055|ble in C!
o Unspecified Semantics
o Compiler decides

»Want: (almost) all behavior should be clearly specified



IE{FiEX (Operational Semantics)

dSpecifies how expressions and statements should be
evaluated depending on the form of the expression

>0, 1,2,... DREE, FEH—Site

>4 + 2. BERRINGER, TJHI ERE238ENESRIALN:

>al+ a2BTEZERUT (:

% WEEEIBHRYAST)

o BEBEHRIAR a1l BEITES n1
o REBF AT a2 BEITE AN2

o BITEERANT + n2F R

LIRERHSR 7 RISEESRIAITEE

ERFEER) -

n1 + n2



BN (Inference Rules)
Q—BR TR

premsise; premises ... pPremise,

conclusion

»>If ALL of the premises above the line can be proved true, then the
conclusion holds as well.

>»HTENMIENX
O ( Axiom ) : no premises

conclusion ay conclusion




AZLIEX (Big-Step Semantics)

dUses down-arrow U notation to denote evaluation to
normal form

da U nis a jJudgment that expression a is evaluated to
value n

»Forexample: 4+2 +9U 15

dYou can think of this as a logical proposition.

»The semantics of a language determines what judgments are
provable.



AR EH)

dBig-step semantics for ADD

big-int G b mag ) n big-add
a1 +az | N1+ no

nn

dDerive (4 + 2) + 9 U 15 from the rules

»The derivation provides a proof of (4 + 2) + 9 U 15 using only
axioms and inference rules.
404 2|2

forms a derivation tree | > 4 + 2 U 0 9 U 9
(4+2)+9] 15




Big-Step Semantics for SIMP ,_%%%ﬁf

bzg—mt bio-var <E,a1> | n1 <E, a2> | na .. )
EaAn (E,oy L E(@) © Eyar+azy bty D8
e No side effects to the environment «----------------emememeememeoeeeeo
[T mmmmmmmom oo Statement  j-----mmmmmm s oo 5
bio-ski <E,CL> U n - ) <E, Sl> U E’ <E,, SQ> U E” bio- i
<Ea Skip> ‘U E J £ <E, L = CL> ,U, E[:E = n] blg assign <E, Sl; 52> U E" $8mseq E
(E,by | true (E,S1) | E' (E,by || false (E,S») | E'
(E,if b then S else Sy) | E g inie (E,if b then S, else Sy) | E’ big-iffalse
(E,b) | false (E,b) U true (E,S; whilebdoS) | E’

big-whilefalse big — Whiletru%?

(E,whilebdo S) | E (E,whilebdo S) U E’
e Statements can have side effects «-------------cereooooee ]

Environment E : var — Z General form: <E,S> U E’



Z4f5l. States propagate in derivations

 What will x * 2 - 6 evaluate to in state E1 = {x » 4}?

(Er,z) 4 (Er,2) ) 2
<E1,£B*2>U8 <E1,6>U6
<E1,($*2)—6>U2

- (E1,x *2 -6) U2

»>this evaluation is provable via a well-formed derivation




Big-Step Semantics: Discussion

dinference rules suggest an AST interpreter
»Recursively evaluate operands, then current node
»post-order traversal

dDisadvantages:

»Cannot reason about non-terminating loops
o €.g. while true do skip
»Does not model intermediate states

»Needed for semantics of concurrent execution models
o e.g. Java threads



INEIEN (Small-Step Semantics)

dEach step is an atomic rewrite of the program

dExecution is a sequence of (possibly infinite) steps
> (E1,(x*2)-6) — (E1,4*2-6) — (E1,8-6) — 2

dSmall arrow notation for a single step:

(E,a) -, a (E,b) =, b’ (E,S) > (E',S")

»subscripts on the arrows can be omitted when context is clear



Small-Step Semantics for SIMP

b 32 2
small-iftrue / ”

(B,z:=a)| E[x — n] Vg

small-var small-int (E,a1) —q 0]
| (E,z) —¢ E(x) (E,n) —q P Boat a’l T small-add-left |
e EEE L S 3 —a O !
| (E, 81— (E, 5 L (B,an) e d o
! small-seq-congruence P ’ e ll-add-right !
L (B, S1;82) - (', 815 52) s Bt agy samy ay S
| II- . ] 5
e (B,skip; S2) — (B, 80y o 1 (B4 gy mp A
smollossignit | | EH- Y ez
— 2= i big-assign i (E,if bthen Sj else Sy) — (F,if b/ then S; else Sy) s i
(E,ay § n i small-iffalse |

(E,if true then S; else Sy) — (F,S1)

i small-while i
i (E,while b do S)—(E,if b then S; while b do S else skip) i



Small-Step Semantics: Example

dProgramp: t=x; x=y; y =1t
»Environment E= {t — 0,x+— 1,y — 2}
dSmall-Step Semantics:
»(E,p) - - = ({t — 1,x+— 2,y — 1}, skip)
»Each step applies an axiom or an inference rule, form a proof tree
»Excerpt of the proof tree:

Ex) S (ED (small — var)
(E,t=x) > (E, t=1)
(E,p) »(Eit=1,x=y;y = t)

(small — assign)

(small — seq)



Evaluation Sequence

For (E, S), the evaluation sequence is a uniquely defined sequence
of transitions that starts with (E,S) and has maximal length.

dMulti-step notation: (E,S) »* (E', S’)

multi-reflexive $E:S) — 5y (B8 )= (E"5")
<EaS> —5" <E, S> ﬂ <E, S> L <E”,S”>

3 possible outputs:
> Infinite sequences: (E,while True do skip) = --- = (E, while True do skip)
>Evaluation terminates: (E;,, S) =* (E,;, skip)

»Evaluation blocked:
o (E,if x > 0then S else skip) »*?, where x ¢ dom(E)

multi-inductive




Proofs over semantics

dGiven some operational semantics, (E,a) U n is provable if
there exists a well-formed derivation with (E,a) U n as its
conclusion

>»"well-formed” = "every step in the derivation is a valid
iInstance of one of the inference rules”

>+ (E,a) Un:"itis provable that (E,a) U n"

dOnce semantics is defined clearly, we can reason about
programs rigorously via proofs by structural induction

QRecall mathematical induction :
»To prove V n: P(n) by induction on natural numbers
»>Base case: show that P(0) holds
»Inductive case: show that v m: P(m) - P(m + 1)



Proofs by Structural Induction

dProve V a € Aexp: P(a) by induction on structure of syntax
»Base cases: show that P(x) and P(n) holds
»|nductive cases: show that
o P(a;) AP(a,) = P(a; + a,)
o P(a;) AP(a,) = P(a; — a,)
o P(a;) AP(a,) = P(a; * a,)
o P(a;) AP(ay) = P(a,/ ay)

o e = +|—|*]|/



Proofs by Structural Induction

Example. Let L(a) be the number of literals and variable occurrences in some expression a
and O(a) be the number of operators in a. Prove by induction on the structure of a that Va €
Aexp . L(a) = O(a) + 1:

Base cases:
e Casea =n.L(a) =1and O(a) =
e Casea=2z.L(a)=1and O(a) =0
Inductive case 1: Case a = a1 + a9
e By definition, L(a) = L(a1) + L(az2) and O(a) = O(a1) + O(az) + 1.
e By the induction hypothesis, L(a1) = O(a1) + 1 and L(a2) = O(a2) + 1.
e Thus, L(a) = O(a1) + O(az2) + 2 = O(a) + 1.

The other arithmetic operators follow the same logic.



Prove that SIMP is deterministic

dDeterministic:
>if the program terminates, it evaluates to a unique value.

Va€ hexp. VE . Vn,n"eN. (E,a) || nA{E,a)|n =n=n
VPeBexp. VE.Vb,b'eB. (E,P)|bA{E,PY|V =0bb=1
VS . VE,E' E" . (E,S) | E' A(E,S) || E" = E' = E"

LExpressions are easier to prove

dBut statements are not
»Rule for while is recursive; doesn’t depend only on sub-expressions

(E,b) || true (F,S;whilebdo S) | E’

big-whilet
(E,while bthen S) | F’ ig-whiletrue




Prove that SIMP is deterministic

WEBR: [vs. VE.E'.E" (E,SS\E ~{(E.SY | E">E = E"

QLet D :: (E,S) UE’, and D’ :: (E,S) U E”
Base case: skip

dInductive cases:

»Need to show that the property hold when the last rule used in D was
each of the possible non-skip statements

»Suppose the last rule used was while-true

Dy ::{(E,by | true Dy ::{(E,S)| E1 D;3:{F;,whilebdo S) | E’
Dig= (E,whilebdo S) | F'

big-skip

(E,skip) | E

o D’::(E,while b do S) U E” must have sub-derivations:
< D, :: (E,b) U true, D,” :: (E,S) U E;” and D’ :: (E,’, whilebdo S) U E”
o By induction hypothesis, E; = E;"and E” = F’
>other cases are left as for an exercise



(optional){Edk: 3559 IYNIERB

dProve that small-step and big-step semantics of
expressions produce equivalent results.

Va € AExp .{F,ay >, n<{(E,a) | n

1 Can be proved via structural induction over syntax

S statements

G == & op, = and|or a  arithmetic expressions (AExp)
| n opr un= < | < | = z,y program variables (Vars)
| a1 OPa @2 | > | = n  number literals

opa, == +|—|*|/ b boolean expressions (BExp)
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=1bhts3 (Three-Address)

dReview SIMP Syntax

S = zi=0a b = true a = X opp = and |or
skip false | n opr = = | € | =
S1; 5o not b | a1 0P a2 | > [ =2
if b then S else S» b1 opy, bo ops = +|—|=*]|/
while b do S a1 Op, Q9
— . . Aty s — 2
Q=Hhitss: —MémiFREAPEZES (IR) it
>3-address Syntax: Inst ::= x=n|x:=y|x:==yopz|goton|ifx op, 0 goton
N NR=E= = 4= [0pa = +| = | x| /] .. " Inst: instructions !
>%I%A’STX\EL)\J‘%EBT$;$$R’[T opr i=<| < | =|>]| =] .. ' Num: numberliteralsi
ATRYZIERFNIEHIRIEE P € Num — Inst | X,y € Var: variables |

_EE3HES, Eaar

Inst ::= - | x == f(y) | return x | x .= y.m(z) |read x | printx | x := &p | x :=+p | *p:=x | x:=y.f|x.f =y | halt




=ihtEs (Three-Address)

S1

3.

W=X%*y+ z if b then S1 else S2 while b do S
St FD 3AbES 1. if b goto 4 chuhilRis
2. 32 1. if !'b then goto 3
(SRS 3. goto 5 2§ ?
2. w=1t+ 2z 4 :
S.

QASTEIBilAEIREEIEZR). REEAY

»Compiler Explorer: https://godbolt.org

> (AE)ELL: clangdEiGASTEERLLLVM-IR? *

C++ source #1

A~ B Save/lload <+ Addnew...~

1
2
3
4 1}

&

int square(int num) {

return num * num;

V Vim . Cpplnsights

// Type your code here, or load an example.

® Quick-bench

—

-

0 4 o B W N

11
12
13

x86-64 clang (clangir) (Editor #1) # X

x86-64 clang (clangir) v @ @ -emit-llvm

X Output...> W Filter...~ B Libraries # Overrides -+ Addnew...~

define dso_local i32 @_Zésquarei(i32 %0) #0 !dbg !4 {
%2 = alloca i32, i64 1, align 4, !dbg !7
%3 = alloca i32, i64 1, align 4, !dbg !8
store i32 %0, ptr %2, align 4, !dbg !9
%4 = load i32, ptr %2, align 4, !dbg !10
%5 = load i32, ptr %2, align 4, !dbg !11
%6 = mul nsw 132 %4, %5, !dbg !10
store i32 %6, ptr %3, align 4, !dbg !12
%7 = load i32, ptr %3, align 4, !dbg !12
ret i32 %7, !dbg !12

}

attributes #0 = { noinline nounwind optnone uwtable }


https://godbolt.org/
https://godbolt.org/

An Abstract Machine of 3-Address IR

dConfiguration (state): Insti= x=n|x=y|x=yopz|goton|ifxop, 0goton

>»Environment Pln) =2 =m :
step-const
»Program counter P+ (E, n;ﬁ@[r —m],n +1)
B =% =y
cEEXN P (B, ny~ (Bl o B@ln+ 1y 7P
D Prog ram. Pn)=xz:=yopz E(y)op E(z) =m

step-arit]
P+ (E,ny~ (E[x » m],n+1) Srep-artt

»Maps labels to instructions
P € N - Inst

dTransition or Execution:
»Small-step Semantics

P+ <{E,ny~ (B n"

tep-got
P+ {(E,ny~ {(E,m) SHEp-8omo

P(n) =if z op,. 0 gotom FE(z) opy 0 = true
P+ (E,n)~ (E,m)

step-iftrue

P(n) =ifx op, 0 gotom E(x)opy 0 = false
P {(E,ny~(E,n+1)

step-iffalse

1
|
1
1
1
|
1
1
1
|
1
1
1
|
P(n) = gotom !
1
|
1
1
1
|
1
1
1
|
1
1
1
|
1



WEEIEW (Collecting Semantics)

The collecting semantics is used to define a collection of all the states
(defined by operational semantics) of the program at a given point.

More information is available at here

AT (zero analysis):
»Determine whether the value of a variable is O
»Reachable States: E = {E | (E, n) is a state}, n IS a node
»Collecting semantics: Cz4(x) = {i| 3E € E,suchthatE(x) =i}
»>Given a variable x : if C;5(x) = {0}, the value of x is zero

1. x =160 x — {10}

2.y =2 *x x — {10}, y — {20}

3. 2=0 x — {10}, y = {20},z — {0}
4. if y > 0 goto 6 X — {10}, y — {20},z — {0}
5. 2z=2%*x -y x — {10}, y — {20}, z — {0}
6. x — {10}, y — {20},z — {0}



https://web.mit.edu/16.399/www/lecture_08-col-sem/Cousot_MIT_2005_Course_08_4-1.pdf

WEEIEW (Collecting Semantics)

The collecting semantics is used to define a collection of all the states
(defined by operational semantics) of the program at a given point.

XFUTE(E (reaching definitions)

»Extending environment E (called Erp): Erp € Var - Z x N

»x +— v,n: indicating that x was last definec

as v at the location n

Collecting Semantics for Reaching definitions

Pln]| =@=m P(n) = goto m

step-const step-goto
P+ E,n~ E[x — m,n],n+1 4 P+ (E,n)~ (E,m) g
/ Pln]=z:=y step-copy P(n) =ifx op, 0 gotom E(z)op, 0 = true
Pt E,n~ Elz— Ely],n],n +1 P+ (E,n)~ (E,m)

/

Newrules P[n] =z :=yopz E[y]op E[z] =m P(n) =if x op, 0 gotom E(x)opy 0 = false

step-arith

P+ E,n~ E[lz—m,n],n+1 P+ {(E,ny~ (E,n+1)

step-iftrue

step-iffalse

1. x = 3

2. t =x -2

3. if t > 0 goto 5

4. x = 4

5. Yy = X + 5
a(E,4) = {2,4}

a(E,5) = {1,2,4,5}

> Abstract function: arp(Erp,n) = {m | Jx € domain(Erp) such that Erp(z) = i, m}

MM EX T =0/ RATImn




(optional){Edk: UIEEIEN S

QitRTE(x, y)EEMEFFRAEISEIAS

(1) x
(2) y
(3) if

(4)

= 0
=0
(x = 0
y

(5) else

(6)
(7) x

y
=y

) then
1

2

Program Point

entry

after (1)

after (2)

then-branch (4)

else-branch (6)

after if

after (7)

58A

EFEAL

HiTx:=0

HiTy:=0

then 9%

else 9%

DXREH

ERFLER
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