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Proper Register Allocation

JAssign each virtual register to an architectural register (if possible)

JExample
data data
X . Space 4 X space 4
y . Space 4 y space 4
text text
la v@, X la t0, x
lw vl, vO lw t1, to
add v2, vo, vl add t2, to, t1
la v3, vy la t3, vy
lw v4, v3 lw t4, t3

sub v5, v4, v2
add v6, v2, v4
sw v5, 0(v0)

sub t5, t4, t2
add t6, t2, t4
sw t5, 0(t0)

sw vb, 0(v3) E E sw t6, 0(t3)

Using virtual registers Using tO-t6 physical registers

J What if more virtual registers are used than the available architectural registers?

@ Solution: Recycle architectural registers
® =>Need to know which values are going to be used in the future



Liveness

JFrom now on, in this lecture, we will use the term variable to denote a virtual register

Definition
A variable (virtual register) 1s at some point in the program 1f 1t has previously been
by an instruction and will be by an instruction in the future. It is otherwise.
JExample .text Live after instruction:
la vO, x vO
w vi, (vo) vO v1
add v2, vi, vl vO v2
OReoi I . i e : la v3, vy vO v2 v3
egister allocation uses liveness information W v&, (v3) Vo  v2 v3 Vi
sub v5, v4, v2 vO v2 v3 v4 v5
Two variables can share the same register if add v6, v2, v4 | vo v3 V5 V6
they are not live at the same time. A vy () v3 ve
sw v6, (v3)




Scope vs. Liveness

JWe can already get some coarse liveness information from variable scoping

Eint f(int x) {

. var a = 0;

§ if (x > 0) |

E var b = x * x; a = b + b;

_ . Since b and ¢ have disjoint scopes, they can never be live
; var Cc = a X; ; _ _ _

I —— simultaneously and can share the same physical register.
) |

JBut scope is too coarse

int f(int x) { x is live o The scopes of a, b, ¢, and x all overlap; they’re all in
int a = x + 2; .
int b = a * a; Al el 'fve scope at the end of the block.
. < b and x are live
int ¢ = b + Xx; S o Buta, b, and c are never live at the same time.
return c;

} o So, they can share the same stack slot/register

dComputing liveness is more complicated in the presence of control flow
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type block = {
insns : (uid * insn) list;

Revisited Control-flow Graphs (CFGs) term: terminator }
type cfg = block * (1lbl * block) list

JA CFG is represented as a list of labelled basic blocks with these invariants:
® No two blocks have the same label, there is a distinguished, unlabeled entry block
® All terminators mention only labels that are defined among the set of basic blocks

JFor precision, it is helpful to think of the “fall through” between sequential instructions as an
edge of the control-flow graph too. Fall-through edges

Move -
Move /) l in-ed ges

Birlwfop . Birjop \In‘gr {
L% = ban

Jump Unop
i out-edges

Jump

Basic block CFG
5 "Exploded" CFG




Liveness analysis

QLiveness analysis: Compute the live variables between each statement
@®Liveness analysis is one example of dataflow analysis

®May be conservative (i.e., may claim a variable is live when it isn't)
@ Safe approximation! Instr

@®To be useful, it should be more precise than simple scoping rules. / l \ Live: b, d, e

Live: a, b

Liveness is associated with edges
@This is useful for reusing the same register for different temporaries in one statement.
@Example:a=b+1

@®Compiles to:
J( Live: b
Mov a, b RegiSter Allocate: MOVtO/ tO This can be removed.
’ a>t0, b>t0 '
l Live: a ;; l
Add a, 1 Add t0, tO, 1

l Live: a (maybe) l



Uses and Definitions

JEvery instruction/statement uses some set of variables
@i.e., reads from them

JEvery instruction/statement defines some set of variables
@i.e., writes to them

JFor a CFG node/statement s, define:
® use[s]: set of variables used by s
@ def[s]: set of variables defined by s

JExamples:
®a=Db+c use[s]={b,c} def[s] = {a}
®a=a+1 use[s]={a} def[s] = {a}



Liveness, Formally

(dVariable v is live on edge e if:
® (1) there is a node n in the CFG such that use[n] contains v, and
@ (2) there is a directed path from e to n such that for every statement s’ on the path, v ¢ def|s’]

(Clause (1) says that v will be used on some path starting from edge e

v live
Clause (2) says that v won’t be redefined on that path before the use
¢def(v)
I gdef(v)
‘ ¢def(v)

dQuestions:

@® How to compute this efficiently? sdef(v)

@® How to use this information (e.g., for register allocation)?

® How does the choice of IR affect this?
® LLVM IR uses SSA, so it doesn’t allow redefinition, which simplifies the analysis

euse(v)




Simple, inefficient algorithm

J“A variable vis live on an edge e if there is a node n in the CFG using it and a directed path
from e to n that does not define v”

dBacktracking Algorithm:
@® For each variable v,

@® Try all paths from each use of v, tracing backwards through the control-flow graph until either v is defined
or a previously visited node has been reached.

@® Mark the variable v live on each edge traversed.

dInefficient because it explores the same paths many times
@ for different uses and different variables



Dataflow Analysis

Jldea: compute liveness information for all variables simultaneously
® Keep track of sets of information about each node

JApproach: define equations that must be satisfied by any liveness determination
® Equations based on “obvious” constraints.

1Solve the equations by iteratively converging on a solution.
@ Start with a “rough” approximation to the answer

@® Refine the answer at each iteration \/
® Keep going until no more refinement is possible: a fixpoint has been reached
JDataflow Value Sets for Liveness \ l / in[n]
® Nodes are program statements, so, for each n, define the following sets: .
@ use[n] : set of variables used by n N :> i
@ def[n] : set of variables defined by n / l \ out[n]
@ in[n] : set of variables live on entry to n N
@ out[n] : set of variables live on exit from n \
@ Associate in[n] and out[n] with the “collected” information about incoming/ outgoing edges

v
@ i.e., out[n] is the union of all liveness information on outgoing edges of n
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Liveness Dataflow Constraints

JFor liveness, what constraints are there among these sets?
® use[n], def[n], in[n], out[n]

dWe have: in|n| 2 use|n]
® “A variable must be live on entry to n if it is used by n”

Also: in[n| 2 out|[n]|- def|n]
@ “If a variable is live on exit from n, and n doesn’t define it, then it is live on entry to n”
® Note: here " means “set difference”

JAnd: out|[n]| 2 in|n’] if n” € succ|n]
@ “If a variable is live on entry to a successor node of n, it must be live on exit from n.”
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Iterative Dataflow Analysis for Liveness Analysis

AStart with: in[n] =® and out[n] =@
@in|n]| 2 use|n]|; in|n] 2 out|n]-def[n]; out[n] 2 in|n’] if n’ € succ|n]
diteratively re-compute in[n] and out[n] where forced to by the constraints

@® Each iteration will add variables to the sets in[n] and out[n]
@ (i.e. the live variable sets will increase monotonically)

JdWe stop when in[n] and out[n] satisfy following equations:
@® (which are derived from the constraints above)

il outel Q0D o, i = . ou =

"""""""""" | repeat until no change in ‘in” and ‘out’
® We reach a fixed point of the equations f 1
or ail n

out|[n]| := Un’esuccin] in[n’]
in[n] := use[n] U (out[n] — def[n])

end
end

(JComplete Liveness Analysis Algorithm
® Why do we start with @?
® The algorithm is guaranteed to terminate... Why?
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An Example of Liveness Analysis

JExample flow graph

e = 1;
while (x>0) {
z = e * e;
vy = e * x;
X = x — 1;
if (x & 1)
e = Zz;
} else {
e = y;

}

return Xx;
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def:
use: X

out:

out:




An Example of Liveness Analysis

JEach iteration update:
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____________________________________________________

_____________________________________________________________________________________

(showing only updates that
make a change)

def:

use: X

out:

out:




An Example of Liveness Analysis

JEach iteration update:

________

_____________________________________________________________________________________

out[T]= x
diteration 2:  in[1] = x

Out [2] — e,X 3 def:
N 2 = €,X .: JEX u:’e.:x
out|3] = ex
In[3] = ex
out [5] = x

out [6] = X
out|/7] = zy
In[7] =x,z,y
out [8] = x
In[8] = x,z
out[9] = x
IN[9] =x,y

def: e
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out: x use:y out: x




An Example of Liveness Analysis

JEach iteration update:

____________________________________________________________________________________

_____________________________________________________________________________________

dlteration 3:

out|1]= e,x

out[6]=X,y,z
In [6]= X,y,Z

\IL—J

out[/]=x,y,z

out[o]= e,X

r ALl r ALl
L J L J

out e, X
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out: e, x

def:

use: X

out: e, x




An Example of Liveness Analysis

JEach iteration update:

____________________________________________________________________________________

_____________________________________________________________________________________
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out: e,x

def: e

def:
use: X

use: y

out: e, x




An Example of Liveness Analysis

JEach iteration update:

____________________________________________________________________________________

_______________ out[n| =Upesycepn) in[n’]
dliteration 5: o
out[3]=e,Xx,z
Done!
n def: e

out: e,x use:y out: e, x
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Improving the Algorithm

_J1Can we do better?

J1Observe: the only way information propagates from one node to another is using:
® out|[n] =Un’esuccn] in[n’]

@ This is the only rule that involves more than one node

@ If the in sets of a node’s successors haven’t changed, then the node itself won’t change!

Jldea for an improved version of the algorithm:
® Keep track of which node’s successors have changed

JA worklist algorithm: for all n, in[n] =@, out[n] = O

w = new queue with all nodes

repeat until w is empty
let n = w.pop() // pull a node off the queue
old in = in[n] // remember old in[n]
out[n] := Unesuccinl IN[N']
in[n] := use[n] U (out[n] — def[n])

JdMore about DFA: if (old_in != in[n]), // if in[n] has changed

@ https://plc-cqu.github.io/teaching/SA/Spring2026/06DFA.pdf

for all m in pred[n], w.push(m) // add to worklist
19
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